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qxwttarn@c-loc]cxt°Ck°w np{yw=qxcx{r=smnc
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^*_acr={Awtu:wnpu r=t r£*np_u l!w1cx{uvl!wAl£¯r=  r¦l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tCsab!1cx{
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c:l}nywa uvlo_ac:[¦unp_Zqvw=llouvqxw=©qr=srAt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a{rmqc]asa{pcA¨^*_ac
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^*_{prAsa=_arAsmn	np_auvl¬w=c]{]­A¦'cwAlplpsabc/np_wnGnp_c={ywa_r£1np_ac)tacn}¦/r={§uvlGww{pnpuvw  k_ar=brA=cxtcxr=sl
n{pc]c¦u n__acxu =_Sn
n ≥ 2 ¨ >arA{ 1 ≤ j < n ­AwtrCacr£1np_ac j n_c]¡=c]a_w=l dj lpr=tlx¨	^*_ac*npr=nw=atCsab!1cx{r=£tarmmc]l/wn'c]¡=cx
j
u l/mc]tarnc]Ck
lj
wt
N
u lXnp_ac)npr=nw1tCsab!1cx{/r£{r=sanpcx{yl¬u t[n_ac)tacxn}¦'rA{p§8¨ - c
qxc:w{k_wÀ¡=c
l1 = 1, j > 1, lj =
j−1
∏
k=1
dk
wt
N =
n
∑
j=1
lj .
>r={
p ≥ 1 ­4np_clpcn S r=£np{yw=qxcx{r=smnc[qxwwa c[_arSl}nyl!uvl!qxr=brSloc: r£ p cx cxbcxtSnl]­	nw=§=c]t wn{ywtmr=b±rAtn_acvw=lon/*
n
np_,*c]¡=c]r£np_acn{pc]c"!mn_ac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1c)wnonwAqy_ac]!npr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H(N, p)
¨Xd'c:w{kA­S£¯r={
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k = 0, ..., n − 1, P(D ≤ 2k + 1) = 1
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E(D) = 2n + 1 − 2
n−1
∑
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d1 . . . dk
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∞
∑
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d1 . . . dk
< ∞.
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 !
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% 8 &
tCsabec]{	r£slpcx{ylutw)qxu n}kK*Qmcxtlpcw{c]w ,©uvlbesqy_!vw{=c]{n_wt!np_ac*tCsab!1cx{	r=£slpcx{ylËrAtnp_c*qxr=satSn{pk
lpuvmcK*Òlpw{ylpcw={pc:w,¨  c]tqcA­¦_ac]tZqxr=tlpuvmcx{uten_ac!muvlqr¡=c]{pkr=£	qxr=tqxcxtSnp{ywnurAt{r=sanpcx{yl]­mrmqxwnpc:
wn)u tAncx{bc]muvwnc! cx¡=c] l]­lwÀk=­c]¡=c]
j < n
­np_acea{r=w=au un}kn_wnwslpcx{)1cx r=tAlnrw[acxtlpc!w{c]w
uvl*vw{=cx{/n_wt@np_ch{prAwau  u n}kn_acslpcx{uvl*utOwlpw{ylocw{c]w¨
 c]cxau tau tObu t@n_ac!wtw r==k¦unp_Zn_ac!qxr=sa1r=tNqxr= c:qnprA{ l*a{r=a cxbZ­a¦/ctar¦ w=llosbcn_wn
n_aca{r=wau un}k[r=£	m{ywÀ¦u tawqr=srAt@r=£n}kC1c
r
u lacxtar=npc]ZCk
pr
¨ -°u n_ar=san)rSlpl*r=£4Acxtac]{w=un}k=­
¦/cw=llosbchn_wn
p1 ≤ p2 ≤ . . . ≤ plj
¨
¤î£np{yw=qc]{prAsmnpc/qxw=wa c/_arAlonl	w{cX wAqc]wn	{ywtmrAb wn	np_ac* c]wÀ¡Ac]lr£an_ac*tacn}¦/r={§8­]n_ac*tCsab!1cx{
r=£_arSl}nyl*tacxc:mc]nrau lqr¡Acx{w 8np_ac{r=sanpcx{yl*wn cx¡Acx
j
uvllpsqy_n_wn)wAl
lj → ∞
­
log P(p1νj − bj ≤ z) ∼ −
lj
∑
r
exp
(
−pr
p1
(z + bj)
)
,
¦_cx{c
bj
uvlqy_arAlpcxt@lorn_wn
lj
∑
r=1
exp
(
−pr
bj
p1
)
< ∞
wAl
lj → ∞
¨@*Qjmcxc  wAw=lloc]t6988:£¯r={mcxnw=uvlx¨3,
^*_acw1r¡=c{c]lpsanlo_r¦l*np_wn)n_ac={r¦*np_Z{ywncr£
νj
uvl)mcxnpc]{pbu tac]OCknp_ac!c:lplmcxtlpc!w={pc:w
lpu tqc
νj ∼ bj/p1
¦_ac]t
lj → ∞
¨T^*_auvlutmu q]wnc]l!np_wnn_acZmu lqr¡Acx{k r=£){r=smncx{yleqxr=tatac:qnuta
lpw={lpcew={pc:w[uvlIGSsaunpccx®C1cxtlou ¡=cu £/_arAlonlw={pcavw=qc:¢wnh{ywtar=bZ¨¤în£¯r= r¦l)np_wnnp_acmuvlqr¡=c]{pk
r=£*w=t w=lpkCbbcxnp{u q]w¬tacxn}¦'rA{p§N¦unp_ lpw={lpcw{c]w=l{cHGSsau {c]lwOqrCrA{mu twnpu r=t-cxn}¦'c]cxtnp{yw=qxcx{r=smnc
q]ww=a c_arAlonl]¨N^*_arAlpc_arSl}nyl!qxw=tatar=n!c@m{ywÀ¦twn!{ywtmrAb asan!np_cxu {eavw=qxcxbcxtSnelp_arAsa -nyw§Ac
u tSnprw=q]qrAsatSn/n_acmc]tloun}k[r=£n_acw{c]wAl'qxr=tatac:qnc]@CkqrA c]qn*{r=sanpcx{yl]¨
^r/GSswtSnpunwnpu ¡=c]ku  slonp{ywnc/np_acw=r¡Ac'a_cxtarAbc]tar=tË­Aw=llpsabc'n_wn¬n_ac1r=asavwnurAtwnonyw=qy_ac:
nrN{r=smncx{ylu l!a{r=1r={pnpu r=tw=¬npr
αj
£¯r={elorAbc
α > 1
¨Z¤¥t n_au lqxwAlocA­¦/c[_wÀ¡Ac
pr = p1α
r−1 wt
1/p1 = (α
lj − 1)/(α − 1) ¨<- c@qxwt nw§Ac bj = 1 lor¢np_wn νj ∼ αlj /(α − 1) ¦_acxt lj → ∞ ¨- c_ac]tqclpcxchnp_wnnp_ctSsb!1cx{r£	_arSl}nyl*tacxc:mc]npr[au lqr¡Acx{/{prAsmnpc]{lqxr= c:qnpu talpw{ylocw{c]wAl/u l
cx®marSlou ¡=cA¨
     ³³ ]m     ´ ·
	  4³  ·  X·  ·  ³  ·     ·´
jmr*£Òw{:­]¦/c¬_wÀ¡=c¬qxr=tlpu acx{c])np{cxcGtacxn}¦'rA{p§ml]¨  r¦/cx¡Acx{:­np_ac'qr=srAtqxr= c:qnr={wtw r==kl}nu 1cx{pnwu tl
£¯rA{	brA{pc/qrAbcx®npr=1r= r=Auc:lwAl4rAtahwAlnp_ac*tacxn}¦'rA{p§a{c]lpcxtSnl4w_auc]{w={qy_u q]wAlonp{sqnpsa{c=¨4¤¥tmc]c]©­
u£np_ctacxn}¦'rA{p§ u ler={Aw=tauxc]-u tTvwÀk=c]{lK*Òr={ec]¡=cxvl,wtu £w¢tarmmcwnwOAu¡Acxt  cx¡Acx*qr=ttac]qnl!w
qxcx{pnw=ut@rAasavwnurAtr=£slpcx{ylx­m¦/cc]wAlou kloc]cn_wn¦/cqxw=t@lonpu Ëslocn_acqrAsarAtOqr=  c]qnr={wtw r==k
£¯rA{/qxr=basmnut!n_actCsabec]{*r£Ë_arSl}nylXtcxc]ac]nrau lqr¡Acx{Gn_actarmmc]l/wnwe=u ¡=cxtc]¡=cxL¨¬gOr={cxr¡Acx{:­
u t¡Su cx¦Tr£n_ac*a{c]qc:mu tahlpc]qnpu r=t­¦/cloc]cXn_wn	n_ac*rAasavwnpu r=tl4wnonyw=qy_ac:nprhn_acmuM)8cx{cxtSn	{prAsmnpc]{l
q]wt1c)w=lpkCbbcxnp{u q=¨^*_ac)w=aa u q]wnurAtr=£n_auvlGr=loc]{p¡wnurAt!nrbr={cqr=ba c®tacn}¦/r={§nr=1r= r==u c]l
¦u  cwAam{c]lloc:[u t@£¯sa{on_acx{lonpsmuc:lx¨
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^rsatacx{yl}nywthbr={cGq rAlpcx kn_acGwAlouvq	a{r=1cx{pnpu c]l8r£Cnr=1r= r==kmu lqr¡Acx{kCkbc]w=tl©r=£An{wAqcx{r=sanpc=­
unGuvlGw=llosbc:utnp_u l'loc:qnpu r=tenp_wnGn_ac{wnpu rr£8np_actCsabec]{
p
r£1np{yw=qxcx{r=smncqxwwa c*_arAlonl	nrnp_ac
nrnyw1tSsb!1cx{
N
r£Ë{r=smncx{yl¬u t[np_c)tacxn}¦'rA{p§u l a®mc]wtcGSswnprw!qrAtlonwtSn
λ
w=t¦/c)losarSloc
n_wn
N
ArSc:l4npru t taun}k=¨ - cw{c*lp1c]quq]w keutSnpc]{pc:l}nc]eutn_acc]_wÀ¡CurA{¬r£
E(D(N, p))/N
¦_acxt
N
npc]tal	nrut tau n}kA¨¬^*_au l GSsw=tSnpun}k=u ¡=c:lu tm£¯rA{pbwnurAtw=rAsmn	np_ac{ywnurr=£np_ctSsb!1cx{¬r£1{prAsmnpc]{l
au lqr¡Acx{c]nrnp_acnrnw=©tCsab!1cx{r=£4tarmmc:l*ut@n_actacn}¦/r={§8¨
  / 6*  . ./ /5	
¤¥tZw {lonl}ncx­m¦/cu tC¡=c:l}nuSwnpc)np_acq]w=lpc¦_ac]tn_acmcxA{pc]c)r=£tarmmc:l'uvlqrAtlonwtSn:­ScGSsw1npr
d ≥ 2 ¨
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d ≥ 2   
 N → +∞ 	  p/N → λ 
E(D(N, p))
N
∼ T 
d
(λ)

	
=
+∞
∑
j=1
d − 1
dj
(
1 − exp
(
− λd
j
d − 1
))
.
*   ,
1 HSB «lou tan_wn
N ∼ dn/(d−1) wtn_ac)cGSsau¡w=c]tAnI* & ,Gw=l N =rCc]l¬npru t taun}k=­Sr=tc=cxnl¬n_wn
1
N
E(D(N, p))
∼ (d−1)
n
∑
j=1
dj−1
dn
P
(
pmp ≤
bλ dnd−1c
dj−1
)
w=tnp_ac]t­
1
N
E(D(N, p)) ∼ (d − 1)
n
∑
j=1
1
dj
P
(
X ≤ λ
(d − 1)d
j
)
¦_cx{c
X
u l	wtec®m1r=tac]tAnu w= kmuvl}n{pu asmnc]e{w=tmrAb ¡Àw={puvwc'¦u n_esatu n¬bc]w=t­=lputqxc/wAl4bc]tSnpu r=tac:
u tNjCc]qnpu r=t & ­Cn_ac{w=tmrAb±¡w{u w=ac
pmp
qxr=tC¡=c]{pAc]l'utOmuvl}n{pu asmnurAtnr
X
¨
- c'tr¦nw§AcX1cxtacan4np_ac*q rAlpc]£¯rA{pb r=£anp_ac/{ywnpu rr=£muvlpqxr¡=cx{c]trCac]l=u ¡=cxt!SkcGAswnpu r=t *   ,
u t¢rA{acx{npr@u sl}n{wnpcenp_aclo1cxc:¢r=£Gnp_cecx®CrA{wnpu r=tNa{rmqc:lpl]¨>ar={hn_au lhas{p1rAlpc=­©¦/celonpsakOnp_ac
acx1cxtmc]tqcr=£Ën_actCsab!1cx{r=£4muvlqr¡=c]{pc:[tarmmc:l*r=t@np_c{wnpu r
λ ∼ p/N ¦_cxt N uvlvw{=ch¦_au c
λ
uvllpbw=L¨¤în!mc]lq{u1c]lhu t-lpr=bclpcxtlpc!n_acu tau nu w=Glo1cxc:¢r=£Xn_acc®ma r={ywnpu r=t a{rCqxc]llnp_a{r=saA_
n_actacn}¦/r={§8¨¤¥tmc]c]©­8n_acew=tw kmlouvlAu¡Ac]l)np_ace{wnpu rr£Xau lqr¡Acx{c]@tarmmc]l¦unp_ wlobw=4tCsab!1cx{
r=£Ën{wAqcx{r=sanpcqxwwa c_arAlonl]¨
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d ≥ 2 
    λ    K  0   F	%+! A!  $! A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T 
d
(λ) ∼ −λ logd(λ).
* 8:,
1 HSB  lu nqxw=tTc]wAlou  k-1cZloc]cxt­¬n_acOw=lpkCbanprnu qc]_wÀ¡CurA{er=£+07GSswnpu r=t *S8],!¦_ac]t
λ
npc]tal
nr
0
uvlIGAsu ncmc]uvqxwnpclou tqc!np_acloc]{pu c]l)u lhmu ¡=c]{pAcxtSn]¨)^*_cnpc:qy_atau GSsac!slpc]OnprAcnwtNcx®CwtlpurAt
{cx u c]lrAtNwqxr=tC¡=c]tauc]tSn{pc]¦{punpu ta[r=£¬np_acecHGSswnurAtZnprA=cn_acx{¦u n_Nn_ac!slpc!r=£N>asaau tau  l^*_ac]r={cxb
£¯rA{tar=t
L tac]Awnpu ¡=c£¯satqnurAtl]¨@*QjCc]c~r=1cx{pn6"8À:£¯r={wAcxtac]{w=8ac]lq{umnurAtr=£Ën_acbcnp_rC¨ ,
- c_wÀ¡=c
+∞
∑
j=1
1
dj
(
1 − exp
(
− λd
j
d − 1
))
=
+∞
∑
j=1
1
dj
∫ +∞
0
 
n
u≤ λd
j
d−1
oe−u du
=
∫ +∞
0
+∞
∑
j=1
1
dj
 
n
u≤ λd
j
d−1
oe−u du,
¦_cx{c¦/c_wÀ¡=c@sloc:Y>saau tau ln_acxrA{pc]b npr-c®aqy_wt=cnp_acOlpsab wt np_c@u tSnpc]={ywlou =tlx¨T^*_u l
c]tSnwu vl/np_wn
+∞
∑
j=1
1
dj
(
1 − exp
(
− λd
j
d − 1
))
=
d
d − 1
∫ λa
0
e−udu
+
1
d − 1
∫ +∞
λa
1
dblogd(u(d−1)/λ)c
e−u du,
*S88,
¦unp_
a = d/(d − 1) ¨^*_ac{lonnpc]{pb r=t@np_c{pu =_Sn_w=tZlouvmcr=£ 0TGAswnpu r=t *S88,/¡w=tau lp_ac:l¦_acxt
λ
npc]tal*nra¨ >ar={
n_ac!lpc]qxr=tnpc]{pbZ­¦'ctar=npcn_wn¦unp_¢{pc]Aw{ynrnp_c!w=lpkCbanprnu q1cx_wÀ¡Su r={*£¯rA{
λ
q rAlpcnra­np_ac
u tSnpc]={ywnpu r=tutSnpc]{p¡w=
[λa,∞] qxw=t1c{cx wAqc]Ckw=tCkutSnpc]{p¡w= [λa, b] ¦u n_ b > λa ¨G^Ërlou bau£¯k=­¦/chnw=§=c
b = a
lprnp_wn
∫ +∞
a
1
dblogd(u(d−1)/λ)c
e−u du ≤ λ(1 − e−a),
lpu tqch£¯r={
u ≥ a ­
blogd(u(d − 1)/λ)c ≥ − logd λ.
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
¤în)£¯r= r¦lnp_wnnp_ac!£¯satqnpu r=t
T  
d
(λ)
mc tac]OCk07GSswnurAtE*   ,_wAl*np_c£¯r=  r¦utacGSsau¡w=c]tAn
u t@np_actcxu =_CrA{p_rSrmr£
0
T  
d
(λ) ∼
∫ a
λa
d{logd(u(d−1)/λ)}
λe−u
u(d − 1) du
=
λ
d − 1
(
∫ 1
λ
d{logd u/λ}
e−au − 1
u
du
+
∫ 1/λ
1
d{logd u}
u
du
)
,
*S8:,
¦unp_ byc uvl/np_acu tSnpcxAcx{w={onr=£ y ∈ R w=t {y} = y − byc unl£¯{wAqnpu r=tw©w={on:¨^*_acew=lpkSbmnrnu q1cx_wÀ¡Su r={)r£	np_ac£¯satqnurAt
T  
d
(λ)
¦_cxt
λ
npcxtalnr[uvl)mcxnpcx{butc]ZCk
n_aclpc]qxr=t-ncx{b rAtnp_ac{pu =_Sn!_wt lpuvmc[r£D07GSswnpu r=t *S8:,x¨  c]tqcA­Gw=l
λ ∼ 0 ­	¦/c[_wÀ¡=c[np_accGSsau¡w=c]tqc
T  
d
(λ) ∼ λ
d − 1
∫ 1/λ
1
d{logd u}
u
du.
¤î£
λ = 1/(xdm)
¦u n_®Cc:
1 < x ≤ d w=t m ∈ N ­Cn_acxtOwAl λ → 0
∫ 1/λ
1
d{logd u}
u
du ∼
∫ 1/λ
x
d{logd u}
u
du
=
m−1
∑
k=0
∫ xdk+1
xdk
d{logd u}
u
du
=
m−1
∑
k=0
∫ d
1
d{logd(xu)}
u
du
= − logd(λx)
∫ d
1
d{logd(xu)}
u
du.
^*_chvw=lonu tAncxA{w=8q]wt@ccx®ma{pc:lplpc]w=l/£¯rA r¦lx­m{c]q]w 1np_wn
λ = 1/(xdm)
¦unp_
x ∈ [1, d] ­
∫ d
1
d{logd(xu)}
u
du
=
∫ d/x
1
d{logd(xu)}
u
du +
∫ d
d/x
d{logd(xu)}
u
du
=
∫ d/x
1
dlogd(xu)
u
du +
∫ d
d/x
dlogd(xu)−1
u
du
= x
(
d
x
− 1
)
+
x
d
(
d − d
x
)
= d − 1.
0TGAsu¡w cxtqc * 8:,/uvl/np_ac]{pcx£¯r={chc:l}nywa uvlo_ac:©¨
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% 8AO
>{prAb±cHGSsau ¡w cxtqxc *S8],­mu nuvl/¦'rA{on_tar=npu tanp_wn*np_ac{ywnur
T  
d
(λ)/λ
u l*trnqrAtl}nywtSn*asmn
uvlcHGSswnpr − logd(λ)
¨^*_Sslx­8¦_ac]tNnp_c!tCsab!1cx{
p
r=£Gnp{yw=qxcx{r=smncqxw=wa c!_rAlonlu lhlobw=4¦_acxt
qxr=bw={pc:@nprnp_actCsab!1cx{
N
r=£Xtarmmc]lu t wn{pc]cetcn}¦/r={§1­np_cetCsabec]{r=£Xtarmmc]lhmuvlpqxr¡=c]{pc:Zu l
brA{pcn_wt  u tac]w={ut np_ac[{ywnur
λ = p/N
¨N^*_au l!utmu q]wnc]ln_wnenp_aclo1cxc: r£*np_cc®ma r={ywnurAt
{prmqc:lplu l GSsau nc[£ÒwAl}n¦_acxt n_actCsabec]{!r=£_arAlonl!u llobw=L¨¢^*_auvlc]tqrAsa{w==u taOr=loc]{p¡wnurAtu l
_r¦'c]¡=cx{8nr)1c'qxr=satSnpc]{pwvwtqxc]hCkn_acG£ÒwAqnn_wn:­CkI0TGAswnpu r=tK*   ,­Ànp_ac/lo1cxc:r£Cnp_c'cx®CrA{wnpu r=t
{prmqc:lplËu l4tac]¡=c]{on_acx c]llËmc:q{c]wAlou tacx®C1r=tcxtSnpuvw k£ÒwAl}n4¦u n_e{c]lp1c]qnnpr
λ
¨4¤¥tewAamunpu r=t­Àn_ac*lo1cxc:
acx1cxtalËr=tn_ac'mc]={cxc¬r=£CtrCac]l¡Cuvw
logd λ
¨^*_auvlËu tmuvqxwnpc:l©np_wnn_acXA{pc:wnpc]{8np_ac/mcxA{pc]c¬r£mtarmmc:lx­
n_aclpbw= cx{*uvl*np_clo1cxc:r=£n_acc:w{tau tae{prmqc:lpl]¨
^*_acw=r¡Ac*{pc]bw={p§ml	lp_ar¦ n_wnX¦/c*{w=auvmkec:w{tw=rAsmn¬np_c*npr=1r= r=Akr£©wnp{cxctacxn}¦'rA{p§¦unp_
wlobw=4utu nu w=4tCsabec]{r=£G_arAlonlasmnhnp_clpc]c]¢r£G c]w{tau tamc:q{c]wAloc:l)w=l)np_cetCsabec]{r=£G_arAlonl
u tqx{pc:w=lpc]l]¨
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_wÀ¡=cnp_ac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lim
N→+∞,
p/N→λ
D(N, p)
N
= T 	
α
(λ)

	
= 1 − e−λ. *S8 & ,
1 HSB >r={r¦/cx{)np{cxc]l¦unp_Nu tq{c]wAlou taacx={cxcA­¦/c!_wÀ¡=c
ln+1 ∼ (n!)α
¨)¤înu l)np_cxt<GSsaunpcec]wAlok
nrloc]cn_wn
N ∼ ln
w=t@u £
p ∼ bλNc ­anp_ac]t
D(N, p)
N
∼
n
∑
j=1
lj
ln
P
(
pmp ≤ λ
ln
lj
)
.
-°_cxt
n → +∞ ­Ëw=	n_acnpcx{blr£'np_ac[lpcx{uc:lh¡Àw=tauvlo_-c®aqc]mnnp_acvw=lonr=tac¦unp_utmc® n ¨[ftacqxr=tlpcHGSsac]tSnp k¢r=anwu tl]­Ck {pc:qxw  utaZn_wn
pmp
qrAtC¡=cx{=c:lhut muvlonp{uasanpu r=tnpr wt c®m1r=tac]tSnpuvw k
au lonp{usmnpc:{ywtmr=b ¡w{uvwa c¦u n_@w{ywbcncx{
1
¦_acxt
p → +∞ ­
lim
N→+∞,
p/N→λ
D(N, p)
N
= 1 − e−λ,
w=tnp_ac{c]lpsan/£¯rA r¦l]¨
07GSswnpu r=tF* 8 & ,4uvl¬tarnG{c]w= ku tm£¯r={bwnpu ¡=clputqcunXmrCc]l	tar=nXmcx1cxtrAt!n_ac={r¦*np_w={w=bcxnpc]{
α
¨¬^*_auvlXuvlXtrnXn_acq]w=lpc£¯r={'{pc]=savw{Gnp{cxc]l]­Cloc]c+07GSswnpu r=t *   ,¬¦_auvqy_[Au¡Ac]l¬n_ac)A{pr¦*n_{wnpcr=£©np_ac
tCsabec]{*r£4au lqr¡Acx{c]{r=smncx{yl'¦unp_@{c]lpc:qn/npr
d
*¯¡Cu wen_ac
logd
npc]{pbK,¨  tZw=lpkSbmnrnu qhwtw=kmlpu l
r=£Ën_au lcHGSswnurAt¦u  =u ¡=c£¯sa{pnp_ac]{utlou =_Snut@n_au l)qxw=lpc=¨
ÃÃ ¾AZÞ[é[
8R   	 		
   "  +
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- cqxw=t@lonwnpchnp_acw=tw r=Asac)r=£zG{r=1rAlpunpu r=tO£¯rA{r¦/cx{*vwÀ¦°np{cxc:l*¦u n_Zac]q{c]wAlou tamcxA{pc]c=¨ - c
lp1c]quq]w k[_wÀ¡=c 
   ·X·    Ò·     	  
α
 $$   

N → +∞ 	 p/N → λ 7   
D(N, p)
N
→ T 
α
(λ)
  J
T 
α
(λ) =
+∞
∑
j=1
1
H(α)(j!)α
(
1 − e−λH(α)(j!)α
) *S8x ,
	 
H(α) =
+∞
∑
j=1
1
(j!)α
.
1 HSB >r={wz7Q
α
n{pc]c=­m¦/c_wÀ¡=ch£¯r={vw{=c
n
­
lj ∼ ((n − 1)!/(n − j)!)α
N
((n − 1)!)α ∼
+∞
∑
j=1
1
(j!)α
= H(α).
¤î£ 07GSsau ¡w cxtqxc * & ,	uvlGslpc]w=Awu t­rAtacAcnl¬np_wn]­S¦_acxt
N
ArSc:l	npr!ut tau n}kA­=n_ac{ywnur
D(N, p)/Nuvl*cHGSsau ¡w cxtSn*npr
n
∑
j=1
1
H(α)(n − j)!P (pmp ≤ λH(α)((n − j)!)
α) .
w=t 07GSswnurAt *S8x,'£¯rA r¦l]¨
  4/ 7.   4 ./10 4/ / *7.  .()/5		
 l1c£¯rA{pcA­np_c[c]_wÀ¡CurA{r£
T 	

α
(λ)
w=t
T 	
α
(λ)
¦_ac]t
λ
uvl!lpbw=Xu l!utC¡=c:l}nuSwnc]©¨ >{prAb
0TGAswnpu r=t * 8 & ,­ar=tacmu {c]qnkqr=tq smc]l/n_wn
T 	
α
(λ) ∼ λ ¦_ac]t λ =cxnllpbw=L¨>r={wz7QË
α
n{pc]c=­m¦/c_wÀ¡=cnp_ac£¯rA r¦u tae{c]lpsan]¨
   ·X·    Ò·    A+	 

α
      
λ
   1
0
J
 	%+! A !  $! A? @  
 H 	A T  7 "    #F 
 A	A"
T 
α
(λ) ∼ λ log(1/λ)
α log log(1/λ)
.
*S8:,
1 HSB 0TGAswnpu r=t * 8] ,/Au¡Ac]l
1
λ
T 	
α
(λ) =
+∞
∑
j=1
1
(j!)αλ̃
(
1 − e−(j!)αλ̃
)
,
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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¦_cx{c
λ̃ = λH(α)
¨G¤î£
h
uvl/np_ac£¯stqnurAtZac tac:@Sk
h(x) = −1 − e
−x
x
,
0TGAswnpu r=t * 8] ,*lp_ar¦l'np_wnnp_ac/GSsw=tSnpun}k
T 	
α
(λ)/λ
u l*Au¡Acxt@Ck
+∞
∑
j=1
∫ +∞
0
 
{λ̃(j!)α≤u}h
′(u) du.
* 8:,
QËcnslu tSnp{rmmsqchn_acqvw=llouvqxw= 0Gsa cx{  l@Vw=bbwe£¯satqnpu r=t
Γ
mctac]@Ck
Γ(x) =
∫ +∞
0
ux−1e−u du
rAt
(0, +∞) *¯{c]qxw=Xnp_wn Γ(n + 1) = n! ¦_acxt n ∈ N ,¨ ^*_ac£¯satqnpu r=t Γ uvlwOau |}c]qnurAt £¯{r=b
[2,∞) → [1,∞) !munlutC¡=c]{lpchu lmc]tarnc]@Ck Γ−1 ¨4/k >saau tau  l^*_cxr={cxbZ­ 07GSswnpu r=t * 8:,*qxw=t1c{pc]¦{punoncxtOw=l
∫ +∞
λ̃
+∞
∑
j=1
 
{
j + 1 ≤ Γ−1
(
(
u
λ̃
)1/α
)}h′(u) du
=
∫ +∞
λ̃
⌊
Γ−1
(
(
u
λ̃
)1/α
)
− 1
⌋
h′(u) du.
*S8O,
jSnu{ uta  l7>ar={b!s wh£¯rA{¬np_acIVwbbwh£¯satqnurAt=u ¡=c:l	np_wn
Γ(x) ∼ xx−1/2e−x
√
2πx
£¯r={Xwvw{=c
x
¨G^*_acx{c£¯rA{pcA­Cu £
y = Γ(x)
­rAtac=cxnl/np_c{pc] wnpu r=t
log y ∼ x log x.
¤î£	¦/ch¦{unpc
x = φ(y) log y
­mn_acxt
1
log x
∼ φ(y)
_cxtqxc
φ(y) → 0 wAl y → +∞ ¨G^*_acx{c£¯rA{pcA­SrAtac=cxnl
1 ∼ φ(y) log φ(y) + φ(y) log log y,
wAl
y
=cxnl*vw{=cA­Clpr
φ(y) log log y ∼ 1 ¨G^*_Cslx­Cn_acu tS¡Acx{yloc£¯satqnpu r=tOlwnpuvl c]l/n_accHGSsau ¡w cxtqxc
Γ−1(y) ∼ log(y)
log(log(y))
¦_cxt
y
npc]tal*nrut tau n}kA¨
ÃÃ ¾AZÞ[é[
=   	 		
   "  +
jCu tqxc
h′(x) =
1 − (1 + x)e−x
x2
,
unuvl[c:w=lpkTnrTloc]cZnp_wnn_acNu tAncxA{w= * 8AOA,uvlmu ¡=c]{pAut ¦_acxt
λ
npc]talnr
0
¨ gOrA{pc]r¡=cx{:­Xunuvl
cGSsau¡w=c]tAn*nr
∫ +∞
λ̃a
⌊
Γ−1
(
(
u
λ̃
)1/α
)
− 1
⌋
h′(u) du,
£¯rA{ew=t w{au n{w={pk
a > 1
­¬lputqxcnp_c{cxbwu tau taOw{pn!r=£/n_acu tSnpc]={ywXqxr=tC¡=c]{pAc]lw=l
λ → 0 ¨ 4/kqy_rSrSlou ta
a
lpsmª[qu cxtSnp kvw{=clornp_wn]­a£¯r={
ε > 0
­
1 − ε ≤ Γ
−1(x)
log(x)/ log(log(x))
≤ 1 + ε, x ≥ a,
unuvllosmª[qxuc]tAnnrl}nsmk[n_acc®mw=tlpurAtr£4np_c/GAswtSnpun}k
I(λ̃) =
∫ +∞
λ̃a
log(u/λ̃)/α
log
(
log(u/λ̃)/α
)h′(u) du.
* 8R,
QËcnslu tSnp{rmmsqc
φ(λ̃) = log
(
λ̃−1
)/
log log
(
λ̃−1
)
^*_chu tSnpc]={ywN* 8R,*qxw=t1c{cx¦{u npnpcxtZw=l
I(λ̃) =
1
α
∫ +∞
λ̃a
log(u) + log(λ̃−1)
D(u)
h′(u) du,
¦_cx{c
D(u) = − log(α) + log(log(λ̃−1))
+ log
(
1 + log(u)/ log(λ̃−1)
)
.
jmutqxc
log(u)h′(u)
u l*u tSnpc]={ywa cr=t
R+
­mn{punpcu tacHGSsw=unpu c]l)wtQc]c:loAsac l^*_ac]r={cxb lp_ar¦ n_wn
I(λ̃)/φ(λ̃)
qrAtS¡Acx{=c:lGnr
∫ +∞
0
h′(u) du = 1
wAl
λ̃ → 0 wtn_aca{r=1rAlpu nurAt[£¯r=  r¦lx¨
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n_acu taunpuvwXA{pr¦*n_r£np_c[c®ma r={ywnurAt-{prmqc:lpl
lpcxc]tu t@np_acw=r¡Achlpc]qnpu r=t­m¦/c {yl}nu tSnp{rCasqchnp_cqr=tqcxan*r=£n_aca{r  chr£¬w!n{pc]c=¨
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
(pk)
  %
pk = lim sup
n→+∞
∑n−1
j=n−k lj
N
= lim sup
n→+∞
∑n−1
j=n−k lj
∑n−1
j=1 lj
.
>r={
k ≥ 1 ­4n_ac GSsw=tAnu n}k pk u l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